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Abstract
Tunneling of electrons through the barriers in heterostructures devices
is investigated by using the unified Transfer Matrix Method. The effect
of barrier width on electron transmission coefficients has also been
examined for different pairs of semiconductor devices of significant
research interest in current years. Such Pairs involve: AlxGa1xAs/GaAs, AlSb/InAs, and CdS/CdSe quantum barriers with varying
dimensions reduced from 20 nm to 5nm to observe how tunneling
properties are affected by scaling. The effective electron masses in the
well and barrier regions typically vary with constituent materials. It has
been shown that the transmission coefficients are significantly changed
due to the coupling. The effective mass dependent transmission
coefficients for electron energy have been evaluated in terms of the
mass discontinuity metrics. The electron transmission coefficients for
each pair of quantum structures are plotted with the variation of its
electron energy, normalized to its potential energy. The resonant state
obtained here will be beneficial for designing detectors, optical filters,
photonic-switching devices and other optoelectronic and photonic
devices.

approximation is frequently utilized in its basic mathematical
form, but due to an inherent flaw in the connection formula the
outcome is not accurate [10], [11]. WKB approximation has
recently been produced by altering the loss phase at the traditional
turning places, although it has given the ideal result in certain
cases [12]. The Numerical approaches may yield results up to the
necessary precision but at the cost of loss of a substantial amount
of physical knowledge. [13]. This paper develops a model for the
development of multiple quantum barriers or wells potential
which is based on analytical Transfer Matrix Method (ATMM)
that can be employed to any general and arbitrary asymmetric
aperiodic MQW structures effectively. The model is used for
three different devices and satisfactory results are obtained.
The coefficient of tunneling/transmission, which is the ratio of
the flux of particles/carriers through the potential barriers to
particle incidents flux at the other interfaces. It has been
calculated using of Ben Daniel-Duke (BDD) boundary conditions
in order to resolve the Schrodinger electron equations (in this
case, the carriers) within coupled well areas as well as the barrier
between them [14]. The hypothesis depends on the TMM method.
Tunneling relies considerably on the width of the barrier. The
structure dimension scaling greatly impacts this variation. The
material pairs considered are InAs/AlSb/InAs, GaAs/AlxGa1xAs/GaAs and CdSe/CdS/CdSe multiple quantum barriers.
HEMTs based on AlSb/InAs are suitable for satellite
applications because of their low operating voltage [15-16].
AlxGa1-xAs /GaAs-based devices have been used for quite a while.
But for light emitting applications CdS/CdSe QW architectures
offer better profitability [17]. The effective mass can fluctuate
with energy as in the AlSb/InAs pair. This will impact the
tunneling behavior of the electrons as the transmission coefficient
is dependent on effective mass. So, the effective mass variation of
the quantum transport coefficient is also studied in this paper. The
transport coefficient variation with electron power is investigated
as well as for each of these material pairs for different barrier
widths.
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1. INTRODUCTION
In recent
years,
low-dimensional
semiconducting
transmission systems have acquired great relevance because their
unique properties make them useful in applications ranging from
optoeltronics to high-speed device [1], [2]. The carriers’
perpendicular transit in semiconductor hetero-structure has
garnered a lot of interest in this connection. Especially because of
its potential utilization in the design as well as fabrication of
single electron tunneling transistor, resonant tunneling diodes,
resonant photo detectors, quantum cascade lasers etc., the MQW
structures become extremely significant [3]-[5]. The carriers’
tunneling effect becomes extremely significant with the reduction
in the CMOS devices dimensions for estimation of the different
leakage current which flows in the VLSI chips device [6], [7]. In
this connection Quantum mechanical tunneling through multiple
quantum barriers is a potential research interest [8].
In this paper, an attempt has been made to study carriers
tunneling through a multiple quantum barrier and the transport
coefficient variations have been plotted as a function of the carrier
energy. The energy range also includes the transitions which are
forbidden classically.
The established techniques for computation of energy splitting
and tunneling probability are (i) the Numerical Calculation (ii) the
Wentzel–Kramer’s–Brillouin (WKB) Approximation and (iii)
Instanton Method. The Instanton approach provides physical
insights into quantum tunneling, but its validity is limited in case
of large separation of the two potential minima. [9]. WKB

2. THEORY
The quantum mechanical tunneling theory via a traditionally
prohibited energy state may be extended to various sorts of
conventionally prohibited transitions [18]. In this study
a quantum tunneling widespread theory has been created and
tested for three distinct material pairs for transition to multiple
quantum barriers. These neighboring lower energy areas,
separated by quantum barrier, are linked together. This is the
overall pattern for several heterostructures. In the lower energy
regions and barrier area, electron wave functions are obtained by
solving the Schrodinger equations with appropriate boundary
requirements [14]. In the regions considered, the solutions
depend on the carrier effective masses. Therefore, the tunneling
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where Mj represents the jth junction corresponding jth transfer
matrix that is written as:
Mj = Mb(bj)Mw(aj)Mb(bj+1)
(7)
th
th
where aj and bj are the j well and j barrier’s widths respectively,
Mw(aj) and Mb(bj) represents the transfer matrices for the jth well
as well as barrier respectively.
Herein, the total transfer matrix is stated as individual well and
barrier’s series cascading. The transmission amplitude Q has been
clearly discovered from Eq.(6) and Eq.(7) and represented as:

probability will not only depend on the barrier size alone, but also
on the changes of materials and their energy-dependent effective
mass.
Ψjw(x)

Ψjb(x)

Ψj+1w(x)
V0

Q=
Fig.1. Schematic Representation of a “MQW (multiple quantum
wells)” heterostructures
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With electron effective masses represented by mw as well as
mB which are the in the outside barrier regions as well as barrier
region respectively. Matching the wave function Ψ(x) as well as
its suitable normalised derivative:
1 d  ( x)
at the boundary as well as for each
m* dx 2
interface and for each interface 2×2 transfer matrix equations are
obtained along with a matrix formula which relate the coefficient
Aj as well as Bj with Aj+1 and Bj+1.
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where, L represent the barrier length. Thus, at energy values
where there will be transmission are:

(5)

En = V0 +

The wave function’s coefficients are obtained by utilizing
Eq.(5) at the leftmost slab instead of the right most slabs.
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which meets M21=0
(12)
We achieved the energy eigen functions as well as eigen
values through elucidating Eq.(12).
For every positive electron energy E, the wave vector kw
outside the barrier is real. The lowest conductive band is the zero
energy in the area outside the barrier. As the barrier’s band of
drive is above the area outside, the wave vector kb will be
imaginary for the electron (E<V0) certain energies as well as for
energies above V0(E>V0), real.
The energy is therefore split into 2 areas, E>V0, where
transition can also be carried out under classical circumstances
and (E<V0) for non-classical tunneling transition. The answers
will vary and the methodologies used to estimate the transmission
coefficients in both locations will vary. Since kw and kb both are
effective mass and energy dependent, for energy values the
variance in transmission coefficient, normalized in relation to the
barrier height, will thus differ for various material combinations.
Herein, β = mB/mw known as mass discontinuity factor which
play a significant part in transmission coefficient determination.
For a complete transmission via a sandwiched barrier among two
wells, it is required that,

With potential energies V as well as suitable effective masses
m* for the region wherein the Eq.is described. The potential
energy is V0 and the effective mass is m*= mB inside the barrier
area whereas it is represented by zero and m*= mw respectively
outside the barrier. Also, for the jth junction transfer matrix is
utilized as well as for N-junctions, the result is generalized. Wave
function coefficients are related through this matrix at the
junction’s one end to other end, thus the wave function
represented as
Ψjw(x)=Ajwexp(ikwx)+Bjwexp(-ikwx) ∀jth well and
(3)
b
b
b
th
Ψj (x) = Aj exp(ikbx)+Bj exp(-ikbx) ∀j barrier.
(4)

 2mw (V0 − E ) 
 2m E 
where kw =  w2  and kb = 

2





M11 + M 22 + i ( kw M12 − kw−1M 21 )

where Mij represents the total transfer matrix elements. From the
transmission coefficient (T) definition, we get
T = |Q|2
(9)
The wave function’s coefficients are obtained by utilizing
Eq.(5) at the leftmost slab instead of the right most slabs

For the electron, total wave function Φ(r,x) is given by:
Φ(r,x) = exp(ik0r)Ψ(x)
(1)
For the one-dimensional (1-D) Schrödinger equation, with
Ψ(x) for position-dependent electron effective mass and growth
direction of heterostructure’s represented by x. As per the
effective mass theory, the Schrodinger Eq.(2) for the well regions
on either side and the finite potential barrier takes the recognized
form:
2

1

( n
2 mB

L)

(14)

where the transmission coefficient is unity. At these energy
values, the barrier becomes transparent. In atomic physics, it is
known as Ramsauer- Townse effect [19]. At normalised energy
values, the resonance conditions are fulfilled.

(6)

1194

ISSN: 2395-1680 (ONLINE)

ICTACT JOURNAL ON MICROELECTRONICS, OCTOBER 2021, VOLUME: 07, ISSUE: 03

E
n2
  = 1+

 V0 

highest value. The effective mass variation in AlSb/InAs pair is
considered in the computation.
It is seen that for AlSb/InAs the mass discontinuity factor does
not change much. Though, such slow variation of mass
discontinuity factor β seems to slow down the coefficient of
transmission increase, particularly with the extremely low barrier
width (5nm). In AlSb/InAs, quantum tunneling is found to be least
for all barrier widths while it is high for the AlxGa1-xAs/GaAs pair,
AlxGa1-xAs being most significant. It is justified very easily as
GaAs/AlxGa1-xAs/GaAs structure has the lowest barrier height
and InAs/AlSb/InAs having highest as shown in Fig.2-Fig.4.
There is an increase in transmission coefficient with
decreasing barrier width as well as with normalised electron
energy. For GaAs/AlxGa1-xAs/GaAs, there is sharp increase while
for InAs/AlSb/InAs it is rather slower. It is clearly described in
case of comparison of barrier heights. Also, CdSe/CdS/CdSe
structures are found in halfway.
There is an increase in transmission coefficient in a non-linear
fashion from 0 to 1 for (Enor=E/V0)<1. For every pair, the
transmission coefficient for wider wells is low as predicted,
although there is slow increase for InAs/AlSb/InAs due to the
mass discontinuity factor’s highest value.
There is resonance beyond standard energy (Enor=E/V0)>1,
i.e., there are quantum energy values, when transmission achieves
acute maximum levels. For all three structures, in particular
around Enor=1, this variation is
noticeable. With decreasing
barrier width, the peaks are separated more energetically; in the
GaAs/AlGaAs/GaAs structure this is most obvious. For
InAs/AlSb/InAs, the gap between maximum and minimum values
remains largely stable for decreasing breadth. The maximum
transmission coefficient progressively improves as the Enor
increases after 1 for GaAs/AlGaAs/GaAs and CdSe/CdS/CdSe.
Also, there is a gradual increase in the difference between the
minima and maxima.
Herein, region of lower band-gap material is considered as
semi-infinite. Therefore, there is continuous variation in the
normalized energy. In case outside the barrier, lower band gap
material’s width decreases in nanometers order, it inside the
quantum wells resulted in the quantization of energy values. Such
effects with normalised energy are reflected in the transmission
coefficients as well as considered to have a significance change.
In field effect devices, leakage current and multiple quantum
wells and barriers structures’ carrier tunneling is crucially
affected through it. The author explored the researches of the
particular effect.

(15)

where n represents an integer. Thus, resonance values are mass
discontinuity factor dependent.
When the barrier height is more than the electron energy E,
this condition is rather different. It has been assumed by above
derivation that with energy there is no change in the mass
discontinuity factor. Though, this is highlighted that the variation
in the effective mass with the energy for InAs/AlSb material
system is as per the expression:
m(E)=m*[1+(E-Ec)/Eeff]
(16)
where, Ec represents the conduction band minimum as well as Eeff
represents the effective band gap. The transmission coefficient
usually depends on energy via the wave vector kb equation. This
fluctuation is further compounded by the mass discontinuity
factor β(E) energy variation. The effect of this variance and how
it impacts the tunneling phenomena are worth examining.
The electrons’ transmission coefficient across a potential
barrier is crucial for the investigation of the leakage current in
Nanometer-based MOSFETs [20]. This is an important parameter
for examining the behavior of many quantum well architectures,
which sandwich the barrier among two coupling quantum wells.
Another instance involves modifying the Eq.to reflect the well
dimensions. If both barrier and well areas exist in the nanoscale
range, it has been expected that the energy level to be further
quantified. It is examined in the multiple quantum well structure’s
further examination.

3. RESULTS AND DISCUSSIONS
The numerical results acquired by utilizing MATLAB
programming across multi-barrier heterostructure are presented.
The selected material pairs are AlSb/InAs, AlxGa1-xAs/GaAs and
CdS/CdSe. The Table.1 represents the parameters that were
utilized in the computations. In AlxGa1-xAs the electron’s effective
mass depend on x’s mole fraction, wherein Al concentration
represented by the x [21] [22]. mAlxGa1-xAs=(0.063+0.083x)
represents the effective mass in AlxGa1-xAs case as well as EAlxGa12
xAs= (1.9+0.125x+0.143x ) represents the energy band gap E.
For every pair 5nm, 10nm and 20nm barrier width L’s three
values are considered. In every example, the coefficient
of transmission increases as predicted with a decreasing
dimension. For InAs/AlSb, it is the slowest rise with the β’s

Table.1. Computational Parameters
Parameters

CdS/CdSe
AlxGa1-xAs/GaAs (x=0.47)
AlSb/InAs
EgCdS=2.36eV
EgAlxGa1-xAs =2.36eV
EgCdS=2.36eV
EgCdSe=1.69eV
EgGaAs=1.69eV
EgCdSe=1.69eV
Conduction Band gap (ΔEc)
ΔEc=67%×(EgCdS- EgCdSe) ΔEc=67%×(EgAlxGa1-xAs- EgGaAs) ΔEc=67% of (EgCdS- EgCdSe)
ΔEc=0.54eV
ΔEc=0.54eV
ΔEc=0.54eV
*
*
m CdS=0.20m0
m AlxGa1-xAs =0.106m0
m*AlSb =0.098m0
Effective Mass (m*)
*
*
m CdSe=0.13m0
m GaAs=0.13m0
m*InAs=0.020m0
Mass Discontinuity
=1.54
=1.58
=4.9
=mB/mw
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Fig.2. Variation of electrons’ transmission coefficient (T) with
normalized energy (E/V0) for (a) CdS/CdSe (b) AlGaAs/GaAs
(c) AlSb/InAs multiple quantum barriers (MQB) for barriers
width (L) 5 nm

Fig.3. Variation of electrons’ transmission coefficient (T) with
normalized energy (E/V0) for (a) CdS/CdSe (b) AlGaAs/GaAs
(c) AlSb/InAs multiple quantum barriers (MQB) for barriers
width (L) 10 nm
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4. CONCLUSION

1.1
1

0.6

The established general model employed for any aperiodic
MQW structures’ designing. For achieving tunnelling at any
specific energy value through the structure at the specified energy
the widths of well for τ=1 can be iteratively calculated. During the
resonance tunnelling, the electron energy resonates at the bound
states of the single quantum well. The Energy band profiles in
CdS/CdSe, AlxGa1-xAs/GaAs and AlSb/InAs Multiple Quantum
Barriers may be studied and results used to design interesting
photonic and optoelectronic devices. This article describes an
energy-splitting phenomenon which is in accordance with
experimental results that were already reported and involves 1-D
photonic crystals [23] [24].
It has been already shown by our simulations that by
modifying the photonic barriers’ width the transmitted resonant
states’ total number can be controlled in these nanostructures. The
resonant state describes here might be beneficial for detectors,
optical filters, photonic-switching devices and other
optoelectronic and photonic devices’ new types’ development.
Now we are interested in Fibonacci series MQWs which could
form the basis of future quantum computers. Model will be tested
on existing structures and now testing on Fibonacci series
multiple quantum well’s structure and performance improved.
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